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Abstract

In the �rst years of the 20th century the analysis of the game of nim (by the mathemati-

cian Charles L. Bouton) triggered the outburst of a completely new mathematical sub ject:

Combinatorial Game Theory. nim is actually a representative of a family of games, very im-

p ortant in that scienti�c area. The aim of this pap er is to give a �rst survey of the historical

development of this mathematical �eld.

1 What is a combinatorial game?

Nowadays it is not usual to observe the rising of a totally new mathematical sub ject. In

mathematics, sub jects like geometry, numb er theory, probability, functional analysis, etc,

were established a long time ago. Of course, the mo dern times brought advances for all

these areas, but their imp ortance and existence was very well known by the previous gener-

ations of mathematicians.

The motivation for this pap er is a rare o ccurrence: the rising of a new mathematical sub-

ject, Combinatorial Game Theory. In 1970s, the work of Elwyn Berlekamp (b. 1940), John

Conway (b. 1937), and Richard Guy (b. 1916) launched the bases and the mathematical

language for a new kind of scienti�c research.

Actually, during the 20th century, two distinct game theories arose. One is linked to Von

Neumann, John Nash, prisoner's dilemma, etc. In 1944, with the seminal work, Theory of

Games and Economic Behavior , Von Neumann (1903-1957) and Morgenstern (1902-1977)

prop osed a very interesting way to analyze mathematically some decision pro cesses [1]. Since

then, some scientists have even won nob el prizes with work related to economics based in

this mathematical theory.

Von Neumann's game theory, called Classical Game Theory, is ab out games and outcomes



determined by a payo� matrix. In typical games of Classical Game Theory players play

simultaneously . The goal of Classical Game Theory is to determine the b est p ossible pay-

o� dep ending up on the players p ossible strategies. In Classical Game Theory simultaneous

decisions imply that players must decide without knowing the opp onent's choices: there is

hidden information. Sometimes, the theory needs probabilistic to ols to solve some problems.

In 1976, Conway published his On Numbers and Games [3] (in fact, previously, in 1974, the

b o ok Surreal Numbers by Donald E. Knuth (b.1938) was published based in a conversation

b etween Knuth and Conway where the latter explained his mathematical idea [2]). Later, in

1982, Berlekamp, Conway, and Guy presented their Winning Ways [5]. In these two works

we can see a di�erent game theory. They prop ose a uni�ed mathematical theory to analyze

games without chance and without hidden information where two players take turns moving

alternately . Before them, Charles Bouton (1869-1922), Roland Sprague (1894-1967), Patrick

Grundy (1917-1959) and others presented some partial work [7, 9, 8]. However, a com-

plete and consistent theory only app eared in [5], what we call Combinatorial Game Theory.

Classical Game Theory and Combinatorial Game Theory are distinct mathematical sub jects.

A game without chance and without hidden information where two players take turns moving

alternately allows us to build the complete game tree containing all the information ab out

the game. Consider the simple game toads-and-frogs . In this game one player moves

Toads (only Eastward) and the other player moves Frogs (only to the West). Each player

may move one of his animals either one square or jumping over an opp osing creature. The

player unable to move loses. Next picture shows the complete tree from a established starting

p osition.

Figure 1: Complete game tree.

In this text we will adopt a restricted de�nition of combinatorial game which is prevalent in

2



the sp ecialized literature. With such restrictions, Conway develop ed imp ortant mathemati-

cal to ols to study a large family of games.

De�nition 1. (Combinatorial game)

A combinatorial game is a game which satis�es the fol lowing conditions:

1. There are two players who take turns moving alternately;

2. No chance devices such dice, spinners, or card deals are involved, and each player is

aware of al l the details of the game state at al l times;

3. The rules of a combinatorial game ensure that the depth of the game tree is �nite, and

the winner is often determined on the basis of who made the last move. Under normal

play, the last player to move wins, while in misère play, the last player loses.

Examples of games not covered by these conditions are dots-and-boxes and go , since

these are scoring games, the last p erson to move is not guaranteed to have either the highest

or the lowest score; chess and checkers , since the game can end in a draw and the depth

of the game tree is in�nite; backgammon , since there is a chance element; mastermind ,

since there is hidden information; fox-and-geese , since when fox escap es has �eternal life�

(so, the depth of the game tree is in�nite).

The most famous combinatorial game is the game of nim . This game is played with piles

of stones. On his turn, each player can remove any numb er of stones from any pile. Under

Normal Play rules, who ever takes the last counter wins while under Misère Play rules who-

ever takes the last counter loses. The game, in Normal version, is the �rst combinatorial

game that was solved with a mathematical approach.

Figure 2: Game of nim .

For mathematical asp ects we recommend [3], [4], and [5]. The present pap er presents his-

torical evidence of ancient combinatorial games and shows a systematic view of the mo dern

development of Combinatorial Game Theory.
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2 The Chinese Connection

In the history of games the �Chinese origins� are omnipresent. It has b een said that nim and

wythoff's nim were b orn in ancient China. In 1902, C. L. Bouton claimed that nim was

widely played in America and was called fan-tan by the Chinese [7]. However, the German

mathematician Paul Ahrens, in a 1902 article in Naturwissenschaftliche Wochenschrift [22],

says that Bouton admitted that he had confused nim and fan-tan . fan-tan is a Chinese

game where you b et on the numb er of counters (remainder when dividing by 4) in someone's

hand. Parker describ es a similar game, based on o dd and even, p opular in Ceylon and

�certainly one of the earliest of all games� [23]. This kind of games seems to b e very far from

the nature of nim .

The game wythoff's nim , describ ed by Willem Wytho� (1865-1939) in 1907 [17], has two

piles and a player can take any amount from one pile or the same amount from b oth piles.

Ab out this game, in [15], a A. P. Domoryad's Russian b o ok on mathematical games, we can

read �The theory of the Chinese national game tsyanshidzi (�picking stones�) is much more

complicated (...)�. Also, in [5] it is called chinese nim or tsyan-shizi , but Richard Guy

says he recalls this was based on Domoryad...

In [16], Martin Gardner (b. 1914) says �(...) an older counter take-away game said to have

b een played in China under the name tsyanshidzi , which means �cho osing stones� (...)�.

It is also made by Yaglom and Yaglom in [24]: �(...) nim and wythoff 's games are b oth

played in China under the name tsan-shitsi (which means �cho osing stones�) (...)�. These

references lo ok circular. Without a primordial reference it seems that the Chinese origin is

not very well supp orted...

For now, the only fact observed is the following one: the origin of the mysterious term is the

Chinese word

The standard transcription should b e Jian Shizi , which is Pinyin (the romanization system

used in the People's Republic of China). It should b e written as Jian Shizi (and not as

Jianshizi or Jian Shi Zi ), b ecause �jian� means to �pick up� and �shizi� is the word for

�stones�. The correct translation should b e �picking stones� or �picking up stones�. The

reason it is sometimes translated as �cho osing stones� is related to the fact that �jian� is

o ccasionally confused with a homophone character that means �to cho ose�. However this is

an empty linguistic discussion without historical relevance.
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3 Viribus Quantitatis

Luca Pacioli (1445-1517) was a mathematician of the Renaissance who wrote several im-

p ortant works on mathematics, including Summa de arithmetica, geometria, proportioni et

proportionalita and the De divina proportione . Leonardo da Vinci made b eautiful geometric

drawings for the De divina proportione .

Figure 3: Luca Pacioli by Jacop o de Barbari (1495).

One of his works is the De viribus quantitatis [10], a treatise on mathematics and magic.

Written b etween 1496 and 1508, the b o ok was rediscovered after David Singmaster, a mathe-

matician, came across a reference to it in a 19th-century manuscript. An English translation

was published for the �rst time in 2007 [25].

The manuscript includes the �rst reference to a one-pile game (Uri 175-181, see App endix

1): �e�ecto a�niri qualunch' numero na'ze al compagno anon prendere piu de un termi(n)ato

.n.� (e�ect to �nish whatever numb er is b efore the company not taking more than a limiting

numb er). Pacioli prop oses a game where the players can add a numb er less than 7 to a pile,

and the goal is to achieve 30. Pacioli describ es how to win this case and the general game.

To achieve the numb er 30, a player must achieve, by order, the numb ers 2, 9, 16 and 23.

Nowadays, there is a class of games called subtraction games . We saw b efore that nim is a

game played with piles of stones and a move is to cho ose a pile and remove any numb er of

them. Changing the rules we can de�ne the subtraction (s1; : : : ; sk) : the game is played

like nim but the players just can remove a numb er of stones if it is an element of f s1; : : : ; skg.

The Pacioli game is an additive version, an addition game. In fact, it is the same to play
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Figure 4: Viribus 's page ab out the addition (1; 2; 3; 4; 5; 6).

the game subtraction (1; 2; 3; 4; 5; 6) from a pile with 30 stones (the goal is to take out all

the stones) or to b egin without stones and add numb ers from the set f 1; 2; 3; 4; 5; 6g trying

to achieve 30 stones. This is the �rst known reference to a combinatorial game.

4 Problèmes Plaisans et Delectables

The Problèmes Plaisans et Delectables , of which the �rst edition was issued in 1612, was

written by Claude Gaspard Bachet de Méziriac (1581-1638), a French mathematician. The

b o ok has a rich set of arithmetical tricks and questions [26].
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Figure 5: Cover and the two pages ab out Bachet's game in Problèmes Plaisans et Delectables

(�rst edition, 1612).

The 22th problem is an addition game similar to Pacioli's one. Instead of 30, the goal

is to achieve 100. The players can add any whole numb er less than 11. As in De viribus

quantitatis , we can see in Problèmes Plaisans et Delectables the winning strategy. The �rst

player must achieve, by order, the numb ers 1, 12, 23, 34, 45, 56, 67, 78 and 89. As in Pacioli's

manuscript, this is an old o ccurrence of an analysis, by a mathematician, of a combinatorial

game.

5 A Voyage to the Paci�c Ocean

Captain James Co ok (1728-1779), in 1778, during his third voyage describ ed the native game

konane [18]:

(...) One of their games resembles our game of draughts; but, from the number of squares, it

seems to be much more intricate. The board is of the length of about two feet, and is divided

into two hundred and thirty-eight squares, fourteen in a row [hence a 14 � 17 b oard]. In this

game they use black and white pebbles, which they move from one square to another. (...)
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Figure 6: James Co ok's third voyage.

One of the main references ab out this game is [19]. The rules are explained by Keneth

Emmory as he learned from an old hawaiian women (see App endix 2):

(...) I shal l explain it as I learned it from a women of nearly ninety years, Kaahaaina Naihe,

from Kailua, Hawaii � the only native left who is known to be acquainted with the game. (...)

Brie�y, exemplifying with a mo dern chess b oard the rules are the following. In the starting

p osition of a konane game, a rectangular checkered b oard is �lled in such a way that no two

stones of the same color o ccupy adjacent squares. In the op ening, two adjacent pieces are

removed. After this, a player moves by taking one of his stones and jumping orthogonally

over an opp osing stone into an empty square. The jump ed stone is removed. A player can

make multiple jumps on his turn but cannot change direction mid-turn. Multiple jumps

are not mandatory. The winner is the player who makes the last move. We can see some

examples of legal moves in the next �gure:

Figure 7: Example of a konane 's p osition.

White has three legal moves: taking one stone with the move B4-D4, taking two stones with

the move B4-F4 or taking one stone with B4-B6. Black has just one legal move: taking one

stone with C4-A4.
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konane is a combinatorial game satisfying all the criteria of the De�nition 1. In [19], we

can see many descriptions of native terms like papamu (arrangement of rows of pits), kaka`i

(the line of p ositions b ordering the papamu ), �lawe ili keokeo, paani ka eleele� (a saying,

�removing the whites is playing with the blacks�).

The konane 's b oards rep orted in average 134 holes each. In the middle of the b oard was

set a piece of a b one or a human to oth marking an imp ortant p osition, the piko . Hawaii

provided basalt and coral p ebbles for the pieces (size under an inch in diameter and slightly

�attened) [20]. In [20], we can also read �(...) A game sometimes lasted an entire day; in a

match, often a large numb er of games were played b efore determining the winner�.

There is a large numb er of examples of konane 's b oards. The next example is a photo from

the catalog The Hawaiian Portion of the Polynesian Col lections in the Peabody Museum of

Salem .

Figure 8: konane 's b oard.

konane declined in p opularity after the arrival of Westerners. However, in the last times,

a volte-face o ccurred and nowadays students in scho ols learn the game as early as �rst or

second grade [20].

6 Was nim 's �rst o ccurrence African?

In [27], a very imp ortant reference ab out African games, Charles Béart describ es the tiouk-

tiouk , a b oard game played in Ivory Coast (see App endix 3). The game is played with small
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sticks and stones on a squared b oard drawn in sand. The b oard's dimension is variable. In

the initial p osition, each player b egins with a line of pieces as it is shown in the next �gure.

Figure 9: tiouk tiouk 's initial p osition.

There is one piece for each player on each column. Each player may move any own piece to

another empty cell in the same column, provided he do es not jump over the opp onent's piece

in that column. The goal is to immobilize the opp onent: the player who can not move lo oses.

Béart says �C'est généralement un griot qui prop ose une partie à un b erger� (Usually a griot

(rep ository of oral tradition) invites a shepherd to play). He also says that a griot never

makes mistakes: he always wins playing second (�Le griot ne triche pas, ce n'est nécessaire, il

est sûr de gagner, quand il voudra, s'il n'a pas le trait (...)�). This observation is interesting

as it shows the preo ccupation with the application of winning strategies. In fact, the second

player can win with a symmetry strategy. Mayb e the opp onents made agreements to avoid

symmetric moves in the �rst moves.

It is imp ortant to understand �rst the concept of reversibility . A reversible move is one for

which the opp onent can resp ond to in such a way that his prosp ects are at least as go o d as

they were b efore. In [5] it is p ossible to �nd very go o d examples of this concept.

tiouk-tiouk is not a combinatorial game as in de�nition 1 b ecause the retro ceding moves

are allowed. Rigorously, the complete game tree has in�nite depth. However, retro ceding

moves are reversible. For example, if a player retro cedes a piece two cells in one column,

the opp onent may advance his piece in that column exactly two cells restoring the p osition.

Because of this fact, a winning strategy do esn't account with retro ceding moves. This justi�es

why the winning strategy for tiouk-tiouk can b e achieved with the winning strategy for

nim . If retro ceding moves was not allowed, two pieces in one column with k cells b etween

them would act exactly as a pile with k stones in nim so, in some sense, tiouk-tiouk is the

game of nim and this is the real imp ortance of this game. These arguments can b e seen in [5],

but the authors call northcott to a horizontal version tiouk-tiouk . Being the Béart's
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anthrop ological work rigorous, mayb e this African game is the �rst world's o ccurrence of

nim .

7 Cyclopedia of Games and The Canterbury Puzzles

Kayles (derived from the French �quilles� meaning skittles) is an ancient game where play-

ers threw sticks or cudgels at a line of pins. This inspired the recreational mathematicians

Samuel Loyd (1841-1911) and Henry Dudeney (1857-1930), who published a very interesting

version.

In 1914, after Loyd's death, his b o ok Cyclopedia of 5000 Puzzles was published by his son

[28]. In 1907, Dudeney published his The Canterbury Puzzles [29]. Both b o oks are imp or-

tant references in the history of recreational mathematics. Dudeney and Loyd exchanged

puzzles and mathematical problems for a while, but Dudeney broke o� the corresp ondence

and accused Loyd of stealing his puzzles and publishing them under his own name. So, ab out

Kayles , it is b etter to say that the game was intro duced by Dudeney and also by Loyd,

who called it Rip Van Winkle's Game .

Figure 10: kayles in the Cyclopedia of 5000 Puzzles .
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In their version, the players b ecome so skilful that they can take out any desired pin or any

two adjacent ones. The goal is simple: who ever is unable to kno ck down a pin loses.

There are many ways to generalize the game of nim . For instance, we can imp ose the rule

that in the game, when we remove k stones from a pile, we partition what remains of that

pile into just 0 or 1 or 2 piles. For technical details, this class of combinatorial games is

called the class of octal games [5]. Kayles can b e seen as a pile game where the players

just can take 1 or 2 stones leaving 0, 1 or 2 piles. Therefore, Kayles is one more example

in literature of a combinatorial game (an o ctal game).

Figure 11: kayles in the The Canterbury Puzzles .

8 The rising of Combinatorial Game Theory

In the 20th century, a new mathematical sub ject emerged, based in combinatorial games.

Richard Nowakowski, mathematician and researcher in Combinatorial Game Theory, pub-

lished the principal historic reference ab out this p erio d [30]. Nowakowski remarked three

imp ortant historical and mathematical pro cesses in the 20th century history of Combinato-

rial Game Theory:

1. Development of mathematical theory for the analysis of impartial games (a combina-

torial game is impartial if b oth players always have the same moves in all p ositions,

else it is called partizan ). Seminal results were the Bouton's analysis (1902) and the

establishment (with a pro of ) of the Sprague-Grundy Theorem (1935/1939).

2. Development of a general mathematical theory for the analysis of combinatorial games.

Here, the principal moments were the publications of Surreal Numbers , in 1974, by
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Donald E. Knuth (based in a conversation b etween Knuth and Conway where Con-

way explained his mathematical idea [2]), On Numbers and Games , in 1976, by John

Conway [3], and �the Holy Bible� of Combinatorial Game Theory, Winning Ways , in

1982, by Elwyn Berlekamp, John Conway and Richard Guy [5].

3. The mo dern mathematical work, rich of op en problems.

Ab out the �rst two items, Nowakowski presented two schemes:

Figure 12: 20th century history of Combinatorial Game Theory [30].

We include also two cultural imp ortant moments:

� The presentation of NimRod in 1951's Festival of Britain (on the 5th of May 1951, the

nimrod computer made its public b ow, designed exclusively to play the game of nim ).

� The 1961's Alain Resnais movie L'Année dernière à Marienbad where mìsere version

of nim is a crucial part of the argument.

8.1 Bouton's work and the origin of the word �nim�

The emergence of combinatorial game theory o ccurred with the analysis of impartial normal

play. The game of nim is impartial since b oth players have the same moves in all nim 's

p ositions. The mathematician Charles L. Bouton (1869-1922) analyzed nim exhaustively

discovering �the go o d� strategy based in an imp ortant mathematical op eration (nim addi-

tion as it is called mo dernly). After, it to ok three decades b efore it was proved that each

impartial combinatorial game is equivalent to a nim p osition (see 8.4). This is the reason

why Bouton's work was the fundamental turning p oint in the history of Combinatorial Game

Theory: this equivalence and the Bouton's strategy allowed the understanding that impartial

combinatorial games form an entire class that can b e analyzed with strong mathematical

to ols.
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Mathematically sp eaking, Bouton de�ned an op eration for whole numb ers: write the numbers

in binary and add without carrying (in fact, the terms were not exactly these, but the global

idea was). For example, consider the numb ers 9 and 11. Their binary representations are

1001 and 1011. The next scheme shows the addition without carrying:

1 0 0 1
� 1 0 1 1

�����������

0 0 1 0

Using the mo dern symb ol � � � for nim-sum, we have 9 � 11 = 2 ( 10 is the binary repre-

sentation of 2). Bouton proved two facts: a) Considering a nim p osition, if the nim-sum of

the numb ers of stones in each set is null, every move provokes a new p osition with not null

nim-sum; if the nim-sum of the numb ers of stones in each set is not null, there is at least

one move provoking a new p osition with null nim-sum. The strategy is, if it is p ossible, to

cho ose moves provoking a null nim-sum.

As we can see in mo dern literature, the easier way to op erate the nim-sum is to think ab out

the sum of distinct p owers of two of the memb ers and canceling rep etitions in pairs. Some

examples:

5 � 3 = (4 + 1) � (2 + 1)

= (4+ 61) + (2+ 61) = 6

11� 22� 35 = (8 + 2 + 1) � (16 + 4 + 2) � (32 + 2 + 1)

= (8+ 62+ 61) + (16 + 4+ 62) + (32 + 2+ 61) = 62

There is a big sp eculation ab out the word �nim�. �Nim� is an obsolete English verb meaning

�take�. Also, �NIM� is �WIN� by geometric transformation. There is a character pronounced

�nian� which means to pick up or take (it is not pronounced �nian� in standard Mandarin

Chinese - rather it is pronounced �ning�). Mayb e this was one more argument for the �Chinese

origin� of nim .

Figure 13: Chinese character.

The more plausible origin of the name can b e found in one corresp ondence in Mathematical

Gazzete . Bouton did his PhD in Leipzig so it is likely that the name owes much to the

German verb nimm meaning �take� (imp erative singular of the German verb nehmen ).
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Figure 14: Text in Mathematical Gazzete , 1953.
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Figure 15: Message to the Editor of the Mathematical Gazzete by J. L. Walsh, Bouton's

pupil and colleague.

8.2 Wytho� 's work

As it was written in section 2, the origin of wythoff's nim is also not clear. Probably

Willem Wytho� himself intro duced the game in 1907 [17]. Also, the game was given, in-

dep endently, by Rufus Issacs [33]. wythoff's nim can b e played on a quarter-in�nite

chessb oard, extending upwards and to the right. A chess queen is placed in some cell of the

b oard. On each turn, a player moves the queen like in chess, except that the queen can only

move left, down, or diagonally down-left. Wins the player who takes the queen to the corner.

4

3

2

0 1 5432

1

0

Figure 16: wythoff's nim .

In mathematics and the arts, two quantities are in the golden ratio if the ratio of the sum of

16



the quantities to the larger quantity is equal to the ratio of the larger quantity to the smaller

one. The golden ratio is an irrational numb er, ' = 1+
p

5
2 = 1:61803:::.

a + b
a

a
b

=

. ..
a b

a + b

Figure 17: Golden ratio.

Amazingly, wythoff's nim is related to the golden ratio and Fib onacci numb ers. The

p ositions where Next player loses (Previous player wins) are given by (b'n c; b' 2nc) and

(b' 2nc; b'n c) [5]. This is a classical result in Combinatorial Game Theory.

There is one prop erty that some games have, making Combinatorial Game Theory extraordi-

narily useful: the b oard breaks up into separate comp onents and the players have to cho ose

a comp onent in which to play. This asp ect is so imp ortant, that the separation of the com-

p onents is related to a mathematical op eration with its own name: disjunctive sum .

wythoff's nim provided a b eautiful mathematical analysis, however, the game do esn't

break up into disjoint comp onents. The game turned to b e still a wrong direction for the

Sprague-Grundy Theorem exp osed in subsection 8.4.

8.3 Emanuel Lasker and his variant of nim

Emanuel Lasker (1968-1941) was a German chess player, mathematician, and philosopher

who was World Chess Champion for 27 years. He is still generally regarded as one of the

strongest players ever.
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Figure 18: Emanuel Lasker.

In 1931, Emanuel Lasker intro duced the game Lasker's nim - the rules are as in ordinary

nim with the extra option of splitting a heap into two smaller non-empty ones without re-

moving any stone. The Lasker's game accounts with the disjunctive sum asp ect. He solved

the game (for mathematical asp ects see [31]) and remarked the existence of p ositions where

the Next player wins and the existence of p ositions where the Previous player wins [32]:

If a con�guration that we are examining can be brought by a permissible move into a losing

position, then the con�guration under examination is a winning position. If we cannot do

so, then is a losing con�guration. There is no third choice.

Amazingly, Lasker worked with equivalent classes:

We see �rst that two groups of piles can be �equivalent� in that in every losing con�guration

in which one group appears, it can be replaced by the other without altering the win character

of that con�guration. Merging two equivalent con�gurations results in a losing position.

Reading this last sentence, mathematicians who know a little ab out Combinatorial Game

Theory immediately understand how close Lasker was! However, as Jörg Bewersdor� said

in [31], Lasker missed developing the whole theory: He missed the understanding of the

relation to ordinary nim . According to Richard Guy, others were close (for example, Michael

Goldb erg when he worked on kayles [30]).

8.4 The Sprague�Grundy theory

Working indep endently, Roland P. Sprague, in 1935, and Patrick M. Grundy, in 1939, proved

the imp ortant theorem stating that every impartial game under Normal Play rules is equiv-
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alent to some pile of stones in nim [9, 8] (see [4] for a b eautiful pro of ). Because of this

theorem, many authors now refer nim-value of a impartial game to the size of the equiva-

lent nim-heap. The implications of this theorem are just fantastic (this b ecame known as

Sprague-Grundy Theory): when we analyze an impartial combinatorial game, �rst we try to

understand to which pile it is equivalent and, after, we apply the Bouton's work. Of course,

the �rst step can b e hard, but it is the way to work the problem.

For example, Pacioli's addition (1; 2; 3; 4; 5; 6) (with 30 as the goal-numb er) is equivalent to

a pile with 2 stones and Bachet's addition (1; 2; 3; 4; 5; 6; 7; 8; 9; 10) (with 100 as the goal-

numb er) is equivalent to a pile with 1 stone (see [5] for mathematical details). Also, Loyd

and Dudeney's kayles with 13 pins is equivalent to a pile with 1 stone: a winning p osition

can b e achieved using a symmetry strategy, on his �rst move, the �rst player should move

so that the row is broken into two sections of equal length (see [5] for mathematical details).

Richard Guy worked with Cedric Smith, who had worked with Grundy. This conduced to

Guy's analysis of dawson chess and hundreds of other games to witch the theory could b e

applied. An imp ortant seminal pap er was published by Richard Guy in 1956 [34]. Richard

Guy is still active in the present moment (He is 94 years old).

Figure 19: Richard Guy (June, 2005).

8.5 NimRod

On 6 Octob er 1951 an electronic computer, the NimRod , from the English company Ferranti

was the star of the Berlin Industrial Show for three weeks. The NimRod was designed ex-

clusively to play the game of nim . We can read in [12]:

The original machine stood 9 feet ny 12 feet by 5 feet, but most of this was just to house

the display. Electronics took up less than two percent of that volume. It ran at a healthy
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six kilowatts, though four of these were for the display lamps.(...) It housed 480 valves, al l

12AT7 double-triodes. Only 350 of them actual ly took part in the action; the rest were spares

being "burned in". 120 relays drove the displays. A few germanium diodes were used as 'OR'

gates. Most of the connections were directly soldered, rather than using pluggable connectors,

for reliability.

Figure 20: NimRod .

Also, a historical note by originator John Bennett, an Australian who went to Cambridge

to do a PhD in Computer Science and joined Ferranti as a logical design engineer in 1950:

Ferranti had undertaken to display a computer at the 1951 Festival of Britain, and late in

1950 it became evident that this promise could not be ful�l led. I suggested that a machine

to play the game of nim against al l comers should be constructed with a versatile display to

il lustrate the algorithm and programming principles involved. The design was implemented

by a Ferranti engineer, Raymond Stuart-Wil liams, who later joined RCA. The machine was

a great success but not quite in the way intended, as I discovered during my time as spruiker

on the Festival stand. Most of the public were quite happy to gawk at the �ashing lights

and be impressed. A few took an interest in the algorithm and even persisted to the point of

beating the machine at the game. Only occasional ly did we receive any evidence that our real

message about the basics of programming had been understood.

During the Festival, visitors could purchase (for one shilling and sixp ence) a detailed de-

scription of the machine.
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Figure 21: NimRod guide b o oklet [11].

8.6 Alain Resnais's L'année dernière à Marienbad

L'Année dernière à Marienbad is a 1961 French �lm directed by Alain Resnais, starring

Delphine Seyrig, Giorgio Alb ertazzi, Sacha Pito ë�. The characters are unnamed in the �lm;

in the published screenplay, the woman is referred to as �A�, the �rst man is �X�, and the

man who may b e her husband is �M�. The mìsere version of nim is a crucial part of the

argument. It is supp osed that �M� do esn't make mistakes (or not?). The movie is very

enigmatic (mayb e the only �linear� scenes are the nim games!)

Figure 22: L'Année dernière à Marienbad .

In the movie, nim mìsere games are played from the starting p osition 7 � 5 � 3 � 1. It

is known that, b eginning with this p osition, First player loses. However, from 4 complete

games in the movie (they can b e seen in [13]), �M� is First player in two. So, the following

movie's conversation is not mathematically correct:
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�M�: Je connais un jeu lequel je gagne toujours.

�X�: Si vous ne pouvez pas perdre, ce n'est pas un jeu.

�M�: Je peux perdre, mais je gagne toujours.

The fact is that �M� just make a mistake in the entire movie. Mayb e an Alain Resnais's

mistake... mayb e not... (see App endix 4)

8.7 go and partizan games

After the establishment of Sprague-Grundy theory, it lacked a general mathematical theory

for combinatorial games also including the partizan games. In 1953, John Milnor wrote

a �rst pap er on partizan games, based in his research in Classical Game Theory [35]. He

understo o d that there are games were players have desire to move � hot games (this is an

easy concept, for example, for a chess player). John Milnor gave the �rst step, he thought

ab out an imp ortant idea: analyze what happ ens when there are many copies of a p osition

in view to obtain a mean-value , useful to its evaluation.

After, in 1957, Olof Hanner advanced one more step using his interest in the ancient oriental

game of go . This game is not a combinatorial game (it is a scoring game), but when playing

its endgames, the idea of disjunctive sum of indep endent comp onents emerges. In a Sto ck-

holm b o okstore Hanner found a copy of the English edition of the go b o ok by Takagawa

(National Go Champion of Japan), How to Play Go , and studied it accurately. In his own

words (see [36]),

Takagawa's book gives two examples of ful l games. The second of these is given with a few re-

maining securing stones to be played. The book says that the game ended with Black winning

by one point. I become interested in the way the remaining stones could be played. Being a

mathematician I made a calculation and found that by best play Black should have won by

2 points. I was a little surprised that a professional player did not have a ful l grasp of this

phase of the game. I wrote a scienti�c paper on the ideas behind my calculations .

In fact, go was directly related to the rising of the general Combinatorial Game Theory.

Jon Diamond formed the Go club at Cambridge University and starting the magazine of

the British Go Asso ciation (British Go Journal), he was also British Champion for 12 years,

starting at age 18, until he retired as Champion in 1977. So, Conway learned the game in

his Cambridge times [3]:

(...) by which at that time we meant the Nim-like theory developed independently by Roland

Sprague and Peter Michael Grundy for sums of impartial games�those for which the two
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players have exactly the same legal moves. I had long intended to see what would become of

the theory when this restriction was dropped, but only got around to doing so when the then

British Go Champion became a member of the Cambridge University Pure Mathematics

Department. Astonishingly, it was the resulting attempt to understand go that led to the

discovery of the Surreal Numbers! This happened because the typical go endgame was visibly

a sum of games in the sense of this book, making it clear that this notion was worthy of deep

study in its own right. The Surreal Numbers then emerged as the simplest domain to which

it applies!

Figure 23: The �nal position of the second game of the Takagawa's book .
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8.8 Conway's construction, Berlekamp, Conway, Guy, and the es-

tablishment of a wonderful mathematical theory

John Conway knew Mike Guy, Richard's son in 1960, in Cambridge. Elwyn Berlekamp met

Richard Guy at a conference in 1966. Berlekamp was the world's b est player of the game

dot-and-boxes (he still is to day)�He analyzed the game with the help of a Guy's pap er

[6]. Berlekamp has not lost a game of dot-and-boxes in over 40 years. He suggested that

they write a b o ok and Guy suggested adding Conway. This was the starting p oint of a great

mathematical team [30].

In 1970, Conway presented some lectures at Cambridge exp osing the idea b ehind the general

Combinatorial Game Theory. After, he sp oke with the mathematician Donald Knuth ab out

his ideas ab out games. In 1974, Donald Knuth, during a �bad moment� with his wife, sp end

a week in a Norway Hotel, and wrote the Surreal Numbers based in Conway's ideas [2].

Surreal Numbers was the �rst b o ok exp osing Conway's construction and the term Surreal

numbers was a Knuth's invention.

In 1976, Conway published his On Numbers and Games exp osing mathematically the entire

idea. In his own words:

(...) for seven consecutive days I sat down and typed from 8:30 am until midnight, with

just an hour for lunch, and ever since have described this book as "having been written in a

week. Not entirely honest, because there were loose ends stil l to be tied up, and Chapter 16

was written just before the book appeared, while Chapter 13 was largely copied from a paper,

"Hackenbush, Welter and Prune", that had been written a year earlier. But also not entirely

dishonest.

The most surprising immediate result was a threat of legal action from Elwyn Berlekamp.

But somehow Berlekamp, Conway and Guy must have patched this up, b ecause the two

volume set Winning Ways app eared in 1982 [5], and they remain go o d friends.

Conway's inductive de�nition constructs the complete set of combinatorial games. Amaz-

ingly, he created a complete abstract notation that is the key of combinatorial game theory

and extended the real numb ers in a similar way to that Dedekind extended the rational

numb ers to the reals. Conway remarked that some games are numb ers, other games are

in�nitesimals, other games are not numb ers neither in�nitesimals. Conway's construction

gives a new very elegant construction of real numb ers with the advantage that his construc-

tion do esn't need to have the rational numb ers as base [3].

However, saying that Conway invented Combinatorial game Theory is not correct. One can
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Figure 24: Guy, Conway and Berlekamp (with Winning Ways and On Numb ers and Games).

say he invented the mo dern notation and �rst understo o d the construction, b oth of which

are invaluable contributions to the sub ject. The partizan theory in general, however, is due

largely to [5] and its authors (which includes Conway) even if it was published later. Of

course, bits and pieces of this were develop ed b efore, and we can't forget the imp ortance of

the Sprague-Grundy theory, which was already well understo o d at the time.

8.9 Mo dern times

Nowadays, Combinatorial Game Theory is a established mathematical sub ject. In Combina-

torial Games: Selected Bibliography with a Succinct Gourmet Introduction , organized by the

mathematician Aviezri S. Fraenkel, we can observe already 1400 scienti�c pap ers related to

Combinatorial Game Theory [37]. Many research pap ers on this sub ject were presented at

conferences held in 1994 and 2000 in Berkeley, CA, at the Mathematical Sciences Research

Institute. Pro ceedings of those conferences were later published by Cambridge University

Press under the titles Games of No Chance and More Games of No Chance . We can enu-

merate some actual mathematical research directly related to Combinatorial Game Theory:

1. Hot Games: Games in which there is advantage in moving �rst. This area is really

di�cult for computer scientists and mathematicians. The mathematicians want to

know the exact values (full understanding) and work with retrograde analysis. The

computer scientist wants go o d heuristics.

2. All-Small Games: Games in which either b oth players have a move or neither do es.

This is a very interesting class of combinatorial games where all values are in�nitesimal.

3. Lo opy Games: Extending the restricted de�nition of combinatorial game, it is p ossible
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to consider games in which the play is not guaranteed to end. Recent advances ab out

lo opy games were obtained by Aaron Siegel.

4. Scoring Games: Relaxing the conditions that de�ne combinatorial game, it is p ossible

to analyze scoring games like go and dots-and-boxes . Great work done by Elwyn

R. Berlekamp.

5. Biding Games: Games where players bid for the right to play next. Also, these games

are not pure combinatorial games but some techniques can b e used.

6. Three or More Players Games: In these games the players could form coalitions for all

or some of the game. We remark J. Propp and A. Cincotti research.

7. Misère: In the past, many researchers b elieved that the strategy for a Misère game was

to take the Normal play strategy and tweak it at the end of the game. This is true for

nim , it is not true in general.Misère play is a very di�cult mathematical sub ject. We

remark the advances achieved by T. Plamb eck and A. Siegel.

It is also imp ortant to observe some interesting applications of Combinatorial Game Theory.

The golden application is, of course, games themselves (and games have an indep endent

p osition in human culture). However, we can enumerate some more applications:

1. Mathematical Imp ortance of the Combinatorial Game Theory: Conway's construction

gives a new very elegant construction of real numb ers with the advantage that his

construction do esn't need to have the rational numb ers as base. Also, the algebraic

concepts b ehind the theory are very interesting and can b e prop er analyzed with the

help of Group Theory techniques.

2. Computer Systems: Combinatorial Game Theory is very useful when the b oard breaks

up into separate comp onents and the players have to cho ose a comp onent in which

to play. Decomp osition issues also lie at the heart of the design problem of computer

systems. The crucial design decision is usually how to partition the overall system into

tractable mo dules.

3. Arti�cial Intelligence: Researchers in Combinatorial Game Theory and researchers

in AI share a common interest in tree-searching and tree-pruning algorithms, and

in the p otential to combine such algorithms with the decomp osition algorithms of

Combinatorial Game Theory to provide the to ols which will supp ort computer attacks

on much harder problems.

4. Complexity: branch of the theory of computation in computer science and mathe-

matics that fo cuses on classifying computational problems according to their inherent

di�culty. Many examples of harder mathematical problems are combinatorial games.

Some consider this intimate connection with complexity theory to b e imp ortant jus-

ti�cation for studying Combinatorial Game Theory. Aviezri Fraenkel made imp ortant

work ab out it.
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5. Encrypting and Information Theory: Some error-correcting co de technology is related

to Combinatorial Game Theory. Elwyn R. Berlekamp did imp ortant work ab out it.

9 Final remarks

In this section we just list some key-ideas of this pap er:

1. The rising of a new mathematical sub ject justi�es the e�ort of writing a rigorous

History of Combinatorial Games .

2. The �Chinese origin� is not clear. There is no primordial reference.

3. One game of Pacioli's Viribus Quantitatis (1496-1508) is an additive version of a sub-

traction game.

4. One game of Bachet's Problèmes Plaisans et Delectables (1612) is an additive version

of a subtraction game.

5. konane describ ed by Captain James Co ok in 1778 (during his third voyage) is an

ancient pure combinatorial game.

6. It is p ossible that tiouk-tiouk describ ed by Charles Béart is the �rst o currence of

nim .

7. Kayles , an o ctal game, app eared in Loyd's Cyclopedia of 5000 Puzzles (1914) and

Dudeney's The Canterbury Puzzles (1907). Both b o oks are imp ortant references in

the history of recreational mathematics.

8. Bouton and Wytho� 's work (�rst years of the 20th century), Lasker, Sprague, and

Grundy's work (30's), Milnor, Hanner, Smith, and Guy's work (50's) and Conway,

Berlekamp, and Guy's work (since 60's) were the fundamental base for the establish-

ment of the Combinatorial Game Theory as a mathematical new sub ject.

9. NimRo d (1951) and L'Année dernière à Marienbad (1961) were remarkable cultural

events directly related to combinatorial games ( nim ).
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App endix 4: L'année dernière à Marienbad (games)

Game 1

� � � � � � �
Initial � � � � �

Position � � � P
�

After � � � � � �
X's � � � � � N

move � � �
�

After � � � � �
M's � � � � P

move � � �
�

After � � � �
X's � � � N

move �
After � �

M's � � � P
move �

After �
X's � � � N

move �
After �

M's � P
move �

After �
X's � N

move

After

M's � P
move

Game 2

� � � � � � �
Initial � � � � � P

Position � � �
�

After � � � � � � �
S's � � � � � N

move � � �
After � � � � � � �

M's � � � � � P
move � �

After � � � � � �
S's � � � � � N

move � �
After � � � � � �

M's � � � � P
move � �

After � � � � � �
S's � � � N

move � �
After � � � � � The only

M's � � � N M's mistake in

move � � the entire movie

After � � � � �
S's � � � N Error

move �
After � �

M's � � � P
move �

After � �
S's � � N

move �
After � �

M's � � P
move

After � �
S's � N

move

After

M's � P
move

( P -Previous player wins; N -Next player wins)
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Game 3

� � � � � � �
Initial � � � � �

Position � � � P
�

After � � � � � � �
M's � � � � � N

move � � �
After � � � � � � �

X's � � � � � P
move � �

After � � � � � � �
M's � � � � N

move � �
After � � � � � � �

X's � � � � N Error

move �
After � � � � �

M's � � � � P
move �

After � � � � �
X's � � � � N

move

After � � � �
M's � � � � P

move

After � � �
X's � � � � N

move

After � � �
M's � � � P

move

After � �
X's � � � N

move

After � �
M's � � P

move

After �
X's � � N

move

After �
M's move P

Game 4

� � � � � � �
Initial � � � � � P

Position � � �
�

After � � � � � �
M's � � � � � N

move � � �
�

After � � � � � �
X's � � � N Error

move � � �
�

After �
M's � � � P

move � � �
�

After �
X's � � � N

move �
�

After �
M's � P

move �

( P -Previous player wins; N -Next player wins)
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